ABSTRACT The present-day trend of the numerical coding of chemical structures with topological indices (TIs) has established quite successful in medicinal chemistry and bioinformatics. This strategy provides the annotation, comparison, rapid collection, mining, and retrieval of chemical structures within large databases. Afterward, TIs can be used to look for quantitative structure-activity relationships and quantitative structureproperty relationships, which are models that associate chemical structure with biological activity. In these analyses, degree-based TIs have secured a significant place among the different types of descriptors because of the ease of generation and the momentum with which these computations can be executed. In this paper, we compute the lower and upper bounds of the first, second, and third Zagreb, the first and the second multiple Zagreb, the geometric-arithmetic, the general sum connectivity, the general Randić, the atom-bond connectivity, the augmented Zagreb, and the harmonic indices of the corona product of F-sum of connected graphs in the form of their factor graphs by applying combinatorial inequalities.
I. INTRODUCTION
With the fast growth of the industry, including the medical field, a lot of unknown nanomaterials, drugs, and crystalline materials come into view every year. To find out the chemical properties of such a large number of these compounds and drugs takes a large number of chemical investigations, thereby these tasks increase the workload of the chemical and pharmaceutical researchers. In this regard, the technique of computing different types of TIs has furnished the explanations of such medicinal behavior of various compounds and drugs [14] , [15] . The assessment method of TIs has validated its significance by providing medical facts of drugs with less use of the chemical-related apparatus [2] , [25] . In chemical graph theory, several graphical invariants are used for securing correlations of chemical structures with their chemical reactivity, physical properties or biological activity [17] , [27] . TIs are two-dimensional descriptors,
The associate editor coordinating the review of this manuscript and approving it for publication was Yilun Shang. which take into account the internal atomic arrangement of compounds and provide the information in the numerical form about the shape, branching, molecular size, presence of heteroatoms and multiple bonds. The workability of TIs in QSPR and QSAR studies has been briefly described, and they have also been brought into effective action as a measure of diversity or structural similarity by their application to databases virtually generated by the computer. TIs have attained respectable importance in the last few years because of the ease of generation and the speed with which these computations can be completed. There is a large collection of graphs associated numerical descriptors, which of crucial worth in theoretical chemistry and nanotechnology. Thereby, the estimation of these TIs is one of the flourishing lines of research.
Some effective classes of TIs of graphs are degreebased, distance-based and counting-related. Among these, degree-based are the most prominent and can play the important rule to characterize the chemical compounds and forecast their different physiochemical properties like refractive index, boiling point, molecular weight, and density, etc. For the detailed discussions of these indices and other wellknown TIs, we referred the interested reader to [1] , [3] - [6] , [13] , [16] , [19] , and [21] - [24] . Throughout this article, we assume that all graphs are finite, simple, and connected. For a graph G, we denote vertex and edge sets with V (G) and E(G) respectively. An edge e ∈ E(G) with end vertices v i and v j is denoted by v i v j . For a vertex v ∈ V (G), the number of edges having v as an end vertex is said to be the degree of v in G and represented by d G (v). The minimum and maximum degrees of graph G are symbolized by δ G and G , respectively. The notions P n and C n are usually used for path and cycle of the order n, respectively. The mathematical forms of degree-based TIs of a graph G, which we discussed throughout this article are presented in Table 1 . The corona product of two graphs H and G, is usually represented by H •G. This graph is constructed by taking one copy of H (which has n vertices) and n copies G 1 , G 2 , . . . , G n of G, and then connecting the i-th vertex of H to every vertex in G i . Now we express certain properties of the corona product of graphs in the form of the following lemma.
Lemma 1: Let H 1 and H 2 be the graphs of orders n 1 , n 2 and sizes m 1 , m 2 , respectively. Then we have:
For a connected graph H , the related graphs S(H ), R(H ), Q(H ) and T (H ) can be defined as follow:
1) The subdivision graph S(H ) of H is formed by substituting a path of length 2 corresponding to each edge of H . 2) The graph R(H ) is constructed by placing a new vertex related to each edge of H , then connecting each new vertex to the end vertices of the corresponding edge. 3) The graph Q(H ) is formed by bringing in a new vertex into each edge of H , then linking the pairs of new vertices through edges on adjacent edges of H . 4) The graph T (H ) has the edges and vertices of H as its own vertices. Adjacency of T (H ) is specified as adjacency or incidence for the corresponding elements of H . This graph is named as the total graph of H . The four operations, S(H ), R(H ), Q(H ) and T (H ) on a graph H are illustrated with sketches in Figure 1 . Eliasi and Taeri [8] initiated the four new operations for a graph H that are depended on S(H ), R(H ), Q(H ), T (H ), as follows. The F-sum of graphs H and G is denoted by H + F G, where H and G have orders n 1 and n 2 , respectively. It is an outstanding graph operation defined as the graph acquired by taking one copy of F(H ) and |V (H )| copies of G and joining the i-th vertex of H to every vertex in the i-th copy of G, where F ∈ {S, R, Q, T }. The graphs C 3 + F P 3 are shown in Figure I . For the sake of simplicity, it is necessary to design the formulas for the corona product of F-sum of graphs in terms of their factor graphs. So, we display the bounds of the TIs for the corona product of F-sum of graphs in the form of their factor graphs.
II. RESULTS AND DISCUSSIONS
This section is devoted to the computations of the results. We start with the following lemmas, which play a vital rule in the proofs of our main results.
Lemma 2:
Proof 1: (i) Using combinations, it is easy to see that
2 , so we derive
(ii) As S(H 1 ) is a subdivision of H 1 , then the edge set of S(H 1 ) is 2|E(H 1 )| = 2m 1 , thus we obtain
(iii) It can be easily verified that |E(R(G))| = 3m 1 , so we deduce
, thus we infer
This finishes the proof. In the following, we have some well-known inequalities that we refer several times in this paper.
Lemma 3 (Das et al. [7] ): (AM-GM inequality) Let z 1 , z 2 , . . . , z n be non-negative numbers. Then
holds with equality if and only if all the z k 's are equal. Lemma 4 (Das et al. [7] ): Let z 1 , z 2 , . . . , z n be nonnegative real numbers and also let x 1 , x 2 , . . . , x n be nonnegative weights. Set x = x 1 + x 2 + · · · + x n . If x > 0, then the inequality
holds with equality if and only if all the z k with x k > 0 are equal. Let G 1 , G 2 , H 1 and H 2 be the simple connected graphs with orders n 1 , n 2 , n 1 , n 2 and sizes m 1 , m 2 , m 1 , m 2 , respectively. In the upcoming theorem, the expressions of lower and upper bounds for the first, second and third Zagreb, the first and the second multiple Zagreb, the geometricarithmetic, the general sum connectivity, the general Randić, the atom-bond connectivity, the augmented Zagreb and Harmonic indices of the corona product of F-sum of graphs in form of their factor graphs for F = Q are deduced.
Theorem 1:
,
where
and a is a positive real number.
Proof 2: Let G and H be the graphs with vertex sets {u 1 , u 2 , . . . , u (n 1 +m 1 )(1+n 1 ) } and {v 1 , v 2 , . . . , v (n 2 +m 2 )(1+n 2 ) }, respectively. As
by using Lemma 2(i), we have
and
Also by using the definition of each index, Lemma 1, part (c), and the facts (
we can obtain the required upper bounds in the following way: (a) In light of the definition of first Zagreb index as given in Table 1 , we deduce
(b) Followed by the definition of second Zagreb index as depicted in Table 1 , we derive
(c) From what we have presented in Table 1 as the definition of third Zagreb index, we infer
(d) According to the definition of first multiple Zagreb index as in Table 1 , we have
Using Lemma 3 and adopting the same procedure as in part (a) of this theorem, the following holds
(e) From the definition of second multiple Zagreb index as depicted in Table 1 , we have
Using Lemma 4 and adopting the same procedure as in part (b) of this theorem, the following holds VOLUME 7, 2019
(f) Now, in terms of the definitions of geometricarithmetic index as manifested in Table 1 , we gain
Using the similar arguments as in part (b) of this theorem,
(g) From what we have displayed in Table 1 as the definition of general sum connectivity index, we obtain
(h) Followed by the definition of general Randić index as pictured in Table 1 , we get.
(i) According to the definition of atom-bond connectivity index which is manifested in Table 1 , the upper bound of this index can be computed in the following fashion:
.
(j) Using the Table 1 for the definition of Augmented Zagreb index, we can drive the expression of upper bound for AZI (G • H ) in the following way:
(k) According to the definition of Harmonic index which is presented in Table 1 , the upper bound of Harmonic index can be computed in the following way:
It remains to prove the lower bounds; for this, the result is similar by using the facts (
) and vice versa. This completes the proof.
With the similar notions G 1 , G 2 , H 1 and H 2 as we have adopted in Theorem 1. In the upcoming theorem, the numerically forms of the lower and upper bounds for the different indices of the corona product of F-sum of graphs for F = S are given.
Theorem 2:
and a is a positive real number. Proof 3: The proof for this theorem is very similar to the proof of Theorem 1 using Lemma 2(ii) instead of Lemma 2(i).
Let G 1 , G 2 , H 1 and H 2 be the simple connected graphs with orders n 1 , n 2 , n 1 , n 2 and sizes m 1 , m 2 , m 1 , m 2 , respectively. In the next result, different bounds for the several indices of the corona product of F-sum of graphs for F = R are determined.
Theorem 3: 
